This paper deals with state feedback H ∞ control design of continuous-time switched affine systems. The main purpose is to design a set of state feedback gains together with a switching function assuring global asymptotic stability of a desired equilibrium point. The equilibrium point belongs to a set of attainable ones to be determined. Moreover, the control design must take into account a pre-specified upper bound to the L 2 gain from the external input to the controlled output. Two different switching functions are proposed and discussed. The first one depends only on the state and the other depends also on the external input. The results are compared with recent ones available in the literature to date, as for instance, those based on a max-type Lyapunov function and those commonly used to assure practical stability. Numerical examples illustrate the theoretical results and are used for comparisons.
Introduction
Switched systems have attracted the attention of the scientific community in the last decades due to their high potential for practical applications, as for instance, in power electronics [1] , [2] and [3] . They represent a subclass of hybrid systems characterized by having a switching rule that selects at each instant of time one of the available subsystems. This switching rule can be arbitrary, see [4] , or a control variable that must be designed in order to assure stability and good performance for the overall system. Another possible control technique is based on sliding mode control, as it has been proposed in [5] . For switched linear systems, the literature presents several important results concerning the control design of a switching rule based on state feedback [6] , [7] and on output feedback [8] , [9] . One interesting characteristic is that the switching strategy can assure global asymptotic stability even if all subsystems are unstable. Moreover, the recent paper [10] shows that, even if all subsystems are stable, a consistent switching rule can enhance the global performance when compared with that of each isolated subsystem. The articles [11] , [12] and [13] and the books [14] and [15] are surveys on this topic.
Switched affine systems are more involved since they present several equilibrium points composing a region on the state space. Hence, the control goals consist in determining a set of attainable equilibrium points and a switching rule that guides any trajectory of the system, starting from an arbitrary initial condition, to the desired equilibrium, which can not be shared by any of the subsystems. The literature presents some results about stabilization based on optimal control, see [2] , [16] and [17] , and on Lyapunov method approach, see [1] , [3] , [18] , [19] , [20] , [21] , [22] , [23] , [24] and [25] , where [19] and [25] deal with sampled-data implementation. Most of them, as for instance, [3] and [18] are based on a quadratic Lyapunov function and show that the existence of a stable convex combination of the subsystems state space matrices is a sufficient condition for global asymptotic stability. Another recent technique is based on a max-type Lyapunov function, see [21] , [22] , [23] and [24] . Unfortunately, using this technique, the sufficient condition just mentioned becomes only necessary. Regarding H ∞ performance, to the best of the authors' knowledge, the literature presents very few results, see [24] as an example.
This paper generalizes the results of [3] to cope with H ∞ control design of switched affine systems. As a first step, we treat the stabilization problem taking into account the design of a stabilizing switching function as the unique control variable. Two different types of switching functions are considered. The first depends on the state and the other, more general, is a novel proposal that depends also on the external input. As a second step, we generalize these results to cope with the joint design of a set of state feedback gains and a switching function assuring an H ∞ performance. In this case, due to the action of the two control variables, it is possible to assure global asymptotic stability even if there does not exist a stable convex combination of the subsystems state space matrices. This point will be illustrated in Example 2. As it will be clear in the paper, for special subclasses of switched affine systems, both techniques admit a representative transfer function. The results on stabilization are theoretically compared with recent works available in the literature, as for instance, those based on a max-type Lyapunov function and those commonly used to assure practical stability. Compared to these works, a great advantage is that the proposed technique can cope with more general control design problems, as the state feedback control design that will be presented afterwards. The results are illustrated by numerical examples.
The notation is standard. For real matrices or vectors ( ′ ) indicates transpose. For symmetric matrices, the symbol (•) denotes each of its symmetric blocks and I denotes the identity matrix. The convex combination of matrices with the same dimension
where λ belongs to the unitary simplex Λ composed by all nonnegative vectors λ ∈ R N such that N j=1 λ j = 1. The squared norm of a trajectory ξ(t) defined for all t ≥ 0, denoted by ξ 2 2 , is equal to
The set of all finite norm trajectories, such that ξ 2 2 < ∞ is denoted by L 2 . Finally, the set composed by the first N positive integers, namely {1, · · · , N }, is denoted by K.
Problem statement
Consider a continuous-time switched affine system with the state space realizatioṅ
(1)
where x(t) ∈ R nx is the state, u(t) ∈ R nu is the control input, w(t) ∈ R nw is the external input, supposed to belong to L 2 , and z(t) ∈ R nz is the controlled output. The switching function σ(t) : t ≥ 0 → K selects at each instant of time t ≥ 0 one of the N available affine subsystems. Due to the affine term b i = 0, for at least one i ∈ K, the system (1)- (2) has several equilibrium points defining a region denoted by X e ⊂ R nx . These points can be attained by a suitable switching policy, [3] . Clearly, whenever b i = 0 for all i ∈ K the system (1)- (2) becomes linear and the unique equilibrium point is the origin. In this paper, our main goal is to determine a set of state feedback gains
together with a closed-loop switching strategy σ(x) : R nx → K in order to guide the system trajectories starting from any initial condition x 0 ∈ R nx to a desired equilibrium point x e ∈ X e ⊂ R nx , where X e ⊂ R nx is a set to be determined. Moreover, the control design must take into account an H ∞ performance cost defined in the sequel. Actually, our purpose is to generalize the results of [3] to cope with H ∞ control design and go further by proposing a novel and less conservative state-input dependent switching function σ(x, w) : R nx × R nw → K. Defining the vector ξ(t) = x(t) − x e , the system becomeṡ
where ℓ σ = A σ x e + b σ is the affine term and z e (t) = z(t) − E σ x e is the controlled output shifted to the equilibrium point x e . Considering the system (1)-(2) with u(t) = 0, ∀t ≥ 0, the control goals are accomplished whenever the switching function σ(ξ(t)) guides the trajectory ξ(t) to the origin assuring that the H ∞ performance index satisfies
for some ρ > 0 given. The rationale behind this definition is that, whenever A i is Hurwitz and the switching function is fixed, that is, σ(t) = i for all t ≥ 0, this index equals the standard H ∞ squared norm of the i th subsystem transfer function from the input w to the output z e . Indeed, notice that for a fixed switching function σ(t) = i, t ≥ 0, the only equilibrium point is x e = −A −1 i b i and the system becomes linear, that iṡ
whose H ∞ squared norm is well defined, being given in (6). However, notice that system (4)- (5) depends nonlinearly on σ(·) and, therefore, the H ∞ performance index (6) becomes virtually impossible to calculate. Hence, the idea is to design a switching function such that the upper bound ρ > 0 in (6) is minimized.
Connecting the control law (3) to the system (4)- (5), we obtaiṅ
It is interesting to notice that the affine term ℓ σ , that will be used to obtain the set of attainable equilibrium points, does not depend on the state feedback gains
The gains are only present on the linear part and allow to assure global asymptotic stability even if there does not exist a Hurwitz convex combination of matrices A i , i ∈ K.
State feedback control design
In this section, it will be presented two different switching functions for the H ∞ control design of the switched affine system (1)- (2) . Both are based on a quadratic Lyapunov function
with P > 0. As already mentioned, the first switching rule is state dependent and is a generalization of the results of [3] to cope with H ∞ control. The other rule depends also on the external input w ∈ L 2 and provides less conservative results. Before beginning, let us define the following matrix functions
for i ∈ K, which will be largely used afterwards.
State dependent switching function
Next theorem considers the system (1)- (2) with u(t) = 0, ∀t ≥ 0, and provides a state dependent switching function assuring that inequality (6) is verified for ρ > 0 given. (2) with u(t) = 0, ∀t ≥ 0, and let x e ∈ R nx be given. If there exist λ ∈ Λ, a positive definite matrix P ∈ R nx×nx , symmetric matrices Q i ∈ R nx×nx and a scalar ρ > 0 satisfying the conditions
Theorem 1 Consider the system (1)-
then the state dependent switching strategy
makes the equilibrium point x e ∈ R nx globally asymptotically stable and assures that (6) holds.
Proof: Consider that the conditions (14), (15) and (16) are satisfied and adopt the switching function (17) . The time derivative of (11) along an arbitrary trajectory of (4)- (5) providesv
where the first inequality comes from the identity
Moreover, performing successively the Schur complement in (14) with respect to the third and second rows and columns, we have N i (ρ, P ) < Q i , ∀i ∈ K. Consequently, the second and third inequalities of (18) follow from the adoption of the switching rule (17) . Finally, the fourth inequality comes directly from (15) remembering that ℓ λ = A λ x e + b λ = 0 and (16) holds. Notice that, setting w = 0 for all t ≥ 0, we havev(ξ) < 0 and, therefore, the equilibrium point x e is globally asymptotically stable. Then, for 0 = w ∈ L 2 , integrating (18) both sides from t = 0 to t → ∞, since v(ξ(0)) = 0 and v(ξ(∞)) = 0, we have J ∞ (σ) < ρ and the proof is concluded. ✷
A possibly easier manner of solving the conditions of Theorem 1 is to first determine the set of attainable equilibrium points by satisfying (15) for all λ ∈ Λ. Indeed, notice that the first diagonal block of inequalities (14) together with (16) assure that A λ is Hurwitz. We denote the set of all Hurwitz matrices A λ , λ ∈ Λ by H. This implies that all equilibrium points satisfying (15) belong to the set
which can be numerically determined. Only equilibrium points belonging to X e ⊂ R nx can be attained by the switching function (17) . Hence, for each x e ∈ X e there exists an associated vector λ(x e ) ∈ Λ which is used in (14) to obtain P , important to implement the switching function (17) . Actually, matrix P > 0 depends on λ and needs to be recalculated for each different choice of x e ∈ X e . An interesting point of Theorem 1 is that the affine part ℓ i , i ∈ K, and the linear part ( (4)- (5) are treated separately. The affine part is used in (15) to calculate λ(x e ) ∈ Λ corresponding to the equilibrium point x e ∈ X e of interest. Afterwards, the linear part represented by LMIs (14) together with (16) are equivalent to make i∈K λ i (x e )N i (ρ, P ) < 0. This inequality is a convex combination of N quadratic matrix functions for which N λ (ρ, P ) ≤ i∈K λ i N i (ρ, P ) < 0, ∀λ ∈ Λ and, consequently, a less conservative condition would be N λ(xe) (ρ, P ) < 0. In other words, we would like to obtain H ∞ design conditions based on a convex combination of the subsystems state space matrices. Notice that for the subclass of switched affine systems with (H i , E i , G i ) = (H, E, G), ∀i ∈ K, this goal is accomplished since we have N λ(xe) (ρ, P ) = i∈K λ i (x e )N i (ρ, P ) for all λ ∈ Λ, see [7] . In this case, conditions (14) together with (16) are linear with respect to λ ∈ Λ and are equivalent to
which holds for some P > 0 if and only if
where
Moreover, the associated switching function is
As a conclusion, if the input matrix H σ or the output ones (E σ , G σ ) are switchingdependent, it is not possible to obtain H ∞ design conditions based on convex combinations of the subsystems state space matrices. The next theorem generalizes the results to cope with state feedback control design.
Theorem 2
Consider the system (1)- (2) and let x e ∈ R nx be given. If there exist λ ∈ Λ, a positive definite matrix S ∈ R nx×nx , symmetric matrices R i ∈ R nx×nx , matrices Y i ∈ R nu×nx and a scalar ρ > 0 satisfying (15) , R λ < 0 and the conditions
then the control law (3) with K i = Y i S −1 together with the state dependent switching strategy
make the equilibrium point x e ∈ R nx globally asymptotically stable and assure that (6) holds.
Proof:
The proof is direct. Multiplying (24) both sides by diag(S −1 , I, I) with S −1 = P and Q i = S −1 R i S −1 , we obtain the conditions of Theorem 1 with the replacements
Notice that to obtain conditions based on a convex combination of the subsystems state space matrices, we need to include the additional constraints K i = K, ∀i ∈ K, and to consider a subclass of systems that presents (
In order to consider a wider subclass of switched affine system with this property, we need to design a more general switching function which is also dependent on the external input.
State-input dependent switching function
The next theorem provides conditions to the stabilization problem of system (1)-(2) with u(t) = 0, ∀t ≥ 0, and presents a state-input dependent switching function assuring that inequality (6) is verified for ρ > 0 given. (2) with u(t) = 0, ∀t ≥ 0, and let x e ∈ R nx be given. If there exist λ ∈ Λ, a positive definite matrix P ∈ R nx×nx and a scalar ρ > 0 satisfying (15) 
Theorem 3 Consider the system (1)-

and the condition
then the state-input dependent switching strategy (27) makes the equilibrium point x e ∈ R nx globally asymptotically stable and assures that (6) holds.
Proof: Consider that conditions (15) and (26) hold and adopt the switching function (27) . The time-derivative of (11) along an arbitrary trajectory of (4)- (5) provideṡ
where the second and third equalities come from the adoption of the switching function (27) and the inequality comes from (15) and (26) . Finally, proceeding as in the proof of Theorem 1, the inequality J ∞ (σ) < ρ is verified and the proof is concluded. ✷
The manner to solve the conditions of Theorem 3 is the same adopted in Theorem 1. The condition (15) defines the set of attainable equilibrium points (20) . After, choosing the equilibrium point of interest, condition (26) provides P (λ(x e )) and ρ(λ(x e )) that are important to implement the switching function (27) . Notice that the following inequalities L λ (ρ, P ) ≤ i∈K λ i L i (ρ, P ) < 0 put in evidence that a less conservative condition is that one based on a convex combination of the subsystems state space matrices. This condition can be obtained by assuming that (E i , G i ) = (E, G), i ∈ K, since in this case, we have L λ(xe) (ρ, P ) = i∈K λ i (x e )L i (ρ, P ). Moreover, for this subclass of switched systems the feasibility of L λ(xe) (ρ, P ) < 0 is verified if and only if (22) 
Notice that, for both switching rules, whenever x e ∈ X e is chosen, the associated vector λ(x e ) ∈ Λ is obtained, and the conditions are expressed in terms of LMIs, being solved without difficulty by any software available in the literature [26] . The next theorem generalizes the conditions to cope with state feedback control design. (2) and let x e ∈ R nx be given. If there exist λ ∈ Λ, a positive definite matrix S ∈ R nx×nx , symmetric matrices R i ∈ R nx×nx , Z i ∈ R nw×nw , matrices Y i ∈ R nu×nx , J i ∈ R nx×nw and a scalar ρ > 0 satisfying (15) , and the conditions
Theorem 4 Consider the system (1)-
then the control law (3) with K i = Y i S −1 together with the state-input dependent switching strategy
Proof:
The proof is simple and will be presented in general lines. Performing the Schur Complement to (30) with respect to the last row and column and multiplying the result both sides by diag(S −1 , I) with S −1 = P , we obtain (15) . The switching strategy follows from (33) using the same arguments as in Theorem 1. The proof is concluded. ✷
In this case, matrices (E i , F i , G i ) = (E, F, G) for all i ∈ K and the additional restrictions K i = K, ∀i ∈ K, must be imposed in order to obtain conditions based on a convex combination of the subsystems state space matrices. An important remark is that, in this case, the set of attainable equilibrium points (20) does not need that matrix A λ be Hurwitz. Indeed, due to the additional control variable (3) the set H is composed by all nonsingular matrices A λ , λ ∈ Λ, such that λ∈Λ
to be determined, see inequalities (33) together with (31). The conditions presented in this paper assure global asymptotic stability and H ∞ performance even in the eventual occurrence of sliding modes.
Comparison with max-type Lyapunov function based approach
The literature to date presents recent works that propose stability conditions for switched affine systems based on a max-type Lyapunov function, as for instance, [21] , [22] , [23] and [24] , where the last reference treats H ∞ control design as well. In [24] , a necessary condition for H ∞ performance is the following (see inequality (42) of [24] for θ =θ)
for a particular λ(x e ) ∈ Λ satisfying (15) . The inequality (34) is expressed with the notation defined in this paper. Notice that, for (E i , G i ) = (E, G), ∀i ∈ K, the condition (34) is equivalent to (26) , which is sufficient to assure an H ∞ performance cost according to Theorem 3. Actually, the performance conditions proposed in [24] (see inequality (42) of [24] ) must be imposed for all λ ∈ Λ. On the contrary, inequality (34) expresses only one of the restrictions for a particular λ(x e ) ∈ Λ. Hence, under switching-independent output matrices the conditions of Theorem 3 are less conservative than the ones proposed in [24] . The same conclusion can be drawn for (H i , E i , G i ) = (H, E, G), ∀i ∈ K and adopting Theorem 1. Moreover, as it will be clear in the Example 1, even for switching-dependent input matrices H σ , the simpler state-dependent switching rule proposed in Theorem 1 provides a performance cost much smaller than the one proposed in [24] . This indicates that the set of restrictions proposed here is softer than the ones required by adopting a max-type Lyapunov function approach.
Comparison with practical stability
Some recent works, as for instance [19] , provide conditions that assure practical stabilization of switched affine systems. In [19] , two different switching rules are proposed based on a quadratic Lyapunov function and switched Lyapunov function, respectively. Both are function of ξ k = ξ(t k ) which is assumed constant in the time interval t ∈ T k = t k+1 − t k ≤ T max . These rules assure that the system trajectories are exponentially attracted to the ellipsoid
whenever t ≥ 0 goes to infinity, wherev(ξ) = ξ ′ P ξ in the quadratic case andv(ξ) = min j∈J eig min (P j )|ξ| 2 ≤ (βT max )/(2γ) in the switched one. In order to compare with our results, we need to impose T max = 0 and γ → 0. With these choices, reference [19] provides
for the quadratic case (see Theorem 1 of [19] ) and
for the switched one, where the set J = {1, · · · , M } is composed by all vectors λ j ∈ Λ such that ℓ λ = 0 (see Theorem 2 of [19] ). However, in most of practical applications (see Example 1 of this paper) the set J is unitary, that means, for each x e there exists only one λ(x e ) ∈ Λ satisfying ℓ λ = 0. In this case, the condition (37) reduces to (36) leading to the conclusion that, as presented in references [3] and [18] , a sufficient condition for global asymptotic stability is that matrix A λ(xe) be Hurwitz. Moreover, it seems to be a very difficult task to generalize the conditions proposed in [19] to cope with state feedback 
Illustrative examples
Example 1
This example was borrowed from [24] and consists of a buck-boost converter described by the state space equations (1)-(2) with matrices Figure 1 . In both cases, they are almost coincident and the trajectories rapidly evolve on a stable sliding mode. In order to consider the case where the converter operates as a boost, we have chosen the same equilibrium point proposed in [24] Table 1 presents the H ∞ guaranteed cost ρ for the two equilibrium points, considering the conditions of Theorem 1, Theorem 3 and the condition of [24] , as well as, the actual costs J σx ∞ and J σx,w ∞ for the external input w(t) already defined. Notice that, the costs obtained by the strategies proposed in this paper are much smaller than those based on the max-type Lyapunov function. Moreover, as the pair (E i , G i ) = (E, G), ∀i ∈ K is switching-independent, the H ∞ guaranteed cost provided by Theorem 3 equals
Example 2
This example was inspired on [27] and consists of system (1)- (2) defined by matrices [19] and [24] to assure global asymptotic stability. Moreover, the pairs (A 1 , B 1 ) and (A 2 , B 2 ) are not controllable. We have obtained the set of equilibrium points (20) 
Using the results of Theorem 4, Figure 2 presents the state trajectories and the control law (3) for an external input w(t) = te −0.5t . The actual cost is J σ(x,w) ∞ = 2.0609 which is much smaller than the obtained guaranteed cost. This indicates that the external input is not too severe. This example shows the importance of the joint design of two control variables, the switching function and the control law (3), in order to assure stability and H ∞ performance of switched affine systems.
Conclusion
This paper has proposed two different switching strategies to cope with H ∞ control design of continuous-time switched affine systems. The first one is state dependent and the other, more general, depends also on the external input. As a first step, conditions were obtained in order to design a switching function as the unique control variable. Afterwards, these conditions were generalized to cope with a state feedback control design problem characterized by the joint design of a switching rule and a set of state feedback gains. A theoretical comparison has shown that both rules are based on less conservative conditions than others from literature, in particular, those obtained from the max-type Lyapunov function approach. Moreover, contrary to the conditions for practical stability, they allow simple generalization to deal with more general control design problems. Two illustrative examples showed the efficiency and the validity of the proposed theory.
